then B~l > A-1 but the inequality BT^ > A~^\ does not hold, where B~^\ are the entries of the matrix B~x). It is therefore of interest to give conditions under which (**) holds. For matrices such conditions are known, the corresponding matrices are called M-matrices (see [1, 2] ). For positive definite elliptic differential operators of second order in L2(D), where D is a bounded domain, it is established in [3] that their Green's functions are nonnegative. See also a discussion in [7, p. 209 ] of Beurling-Deny criteria for a selfadjoint operator to generate a positivity preserving semigroup. For higher order elliptic positive definite operators (such as biharmonic operator, for example) Green's function is not necessarily pointwise positive (some references can be found in [3] ).
Formulation of the results. Assume that A is selfadjoint in L2 = L2(R3) operator defined by the expression Au = -V2u-Yq(x)u on D(A) = H2(R3), where H2(R3) is the standard Sobolev space, and
By c we denote various positive constants, |x| is the length of the vector x G R3.
Let
(2)_ 0<p(x)<q(x) and let Gq (x, y) denote Green's function: PROOF. First let us prove the right inequality (4) using the strong maximum principle [4] . Suppose that Gq(xo,yo) '•-G(xo,yo) < 0 for some xq and yo-Clearly xo / 2/0 since G(x,y) -► -f-oo as x -» y. Since G(x,y) -* 0 as [x -y\ -> oo, one concludes that the function G(x,yo) := u(x) attains a nonpositive minimum at a point £ t¿ t/o-Consider the function u(x) := G(x, yo) in a ball Ba -{x : |£ -x\ < a} which does not contain yo-This function solves the equation (5) V2u(x) -q(x)u(x) = 0 in Ba.
Since q(x) > 0, we conclude that u cannot attain in Ba a nonpositive minimum at the point £ unless u = const for x ^ yo-The function u(x) = G(x,yo) ^ const: if u = const then the property G(x,yo) -► oo as x -* yo cannot hold. This contradiction proves that Gq(x,y) > 0 for all x,y. The left inequality (4) follows from the equation (6) Gp(x,y) = g(x,y)-g(x,z)p(z)Gp(z,y)dz, g := (4tc\x -yl)'1.
Jrs
Since p > 0 and g > 0 one concludes that Gp < g. In order to prove that Gp >Gq, define (7) v:=Gp(x,y)-Gq(x,y).
Subtract from equation (3) the equation for Gp to get (8) V2v -pv = (p-q)Gq < 0 where assumption (2) was used. Since v -* 0 as |z -y\ -► oo and v is bounded on compact sets, the strong maximum principle says that v cannot attain a nonpositive minimum, therefore, v > 0. Thus Gp > Gq. Note that in order that Green's function Gq(x,y) in Lemma 1 be positive, it is not necessary that q(x) be nonnegative. Indeed, the following lemma holds. Let a(x) > 0, aM(r) = sup|x|=r a(x), a(oo) = 0, a G L~*(R3), 7 > |. Note that V is by definition positive in a neighborhood of y. Therefore it is sufficient to prove that V > 0 outside of this neighborhood. This is done by proving that V cannot attain a nonpositive value outside of the above neighborhood. If it does, then the maximum principle says that V S const and this is a contradiction.
Since in (9) we have -At¿n + quo > -Auo -a(x)uo = 0, and V = UQlGq = 0(|x|a_1) as |x| -* oo, so that [V\ -* 0 as |x| -♦ oo, the maximum principle applies to V. Hence V(x,y) > 0 and this yields positivity of Gq(x,y). To prove the last statement of Lemma 2, start with the formula Gq = g -fR3 gqGq dz, which is analogous to (6) , and note that the integral term is positive since q < 0, q ^ 0, and Gq > 0, as we have already proved.
EXAMPLE. Let |x| = r, u0 := (r -I-e)~a, 0 < a < 1, £>0isan arbitrary small number, a(r) This is a contradiction since / tpw dx > 0. An integration by part was used and the integrals over the large sphere go to zero as the radius of the sphere grows since if) decays exponentially at infinity. Therefore Lemma 2 is useful practically in the case when a(x) is a function for which the operator -V2 -a(x) does not have negative eigenvalues and for which zero is a resonance with positive resonance function, that is with positive solution to the equation (-V2 -a(x))w = 0.
The following theorem gives a positive lower bound of Green's function in R3. 
One thus concludes by Remark 3 that dV /dn = 0.
(ii) In the case of Robin condition
One can also conclude that dV/dn = 0. By the strong maximum principle, V either attains its nonpositive minimum on dD or it is a constant. Using Hopfs lemma, which says that at the point s G dD of minimum dV(s)/dn < 0, and the result dV/dn = 0 one concludes that V cannot attain its minimum on dD and therefore V = constant. Since itrj(x) > 0 in D, it follows that this V = const > 0, and, by Remark 3, that u(x) = u0(x)V > 0 for xedD.
We now discuss the estimates for Green functions under the Dirichlet, Neumann or Robin boundary conditions. By Gqo, Gqr, and GqN we denote the corresponding Green functions. In the case of Neumann condition we always assume q(x) ^ 0 so that the Green function Gqn is uniquely determined.
We then have the following propositions. PROOF OF PROPOSITION 1. Since q(x) e P by Lemma 3, it follows that -A + q(x) is nonnegative definite. Therefore the positivity of Gq follows from the Aronszajn-Smith theorem (see §5 in [3] ). One can also prove Proposition 1 by applying the strong maximum principle to the function V(x, y), where V(x, y) is defined by GQ(x, y) = uo(x)V(x, y), and using the argument in Lemma 3. GqR(x, y) > GqD(x,y) for x,y eD.
Step 2. Let us prove the second inequality in ( dD Equation (13) and the strong maximum principle imply that V(x,y) can attain its nonnegative maximum only at some x on dD for any given y G D. By Hopfs lemma, dxV/dn\gc, > 0. This contradicts to (16). Therefore GqR{x,y) -GqNix,y) < 0 for x,y eD, x / y.
Note that there is no positive lower bound for Green's function Gqix,y) which is uniform in q. Indeed if g(x) -► +00 in D C D, then Gq{x, y) -* 0 in D as follows from the results in [8] .
